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Abstract The Sagnac effect can be described as the difference in travel time
between two photons traveling along the same path in opposite directions. In
this paper we explore the consequences of this characterisation in the context
of General Relativity. We derive a general expression for this time difference in
an arbitrary space-time for arbitrary paths. In general, this formula is not very
useful since it involves solving a differential equation along the path. However,
we also present special cases where a closed form expression for the time dif-
ference can be given. The main part of the paper deals with the discussion of
the effect in a small neighbourhood of an arbitrarily moving observer in their
arbitrarily rotating reference frame. We also discuss the special case of sta-
tionary space-times and point out the relationship between the Sagnac effect
and Fizeau’s “aether-drag” experiment.
1 Introduction
In 1913, Georges Sagnac published a short communication [17] in the proceed-
ings of the French Academy of Sciences describing an experiment to prove
the existence of the ether. He elaborated on this a couple of months later [18].
The experiment consisted of an interferometer on a rotating table in which two
light rays propagating in opposite directions along the same path are brought
to interference and a phase shift is detected depending on the angular velocity
of the table and the area enclosed by the traveling light. We refer to this as
the “classical Sagnac effect”.
Unbeknownst to Sagnac, Franz Harreß, a German graduate student, con-
ducted a similar experiment in 1911 (see the report by Knopf [10]) where he
considered counter-propagating light in a ring of totally reflecting prisms. His
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objective was entirely different from Sagnac and, in fact, his experiment did
not agree with his expectations since he neglected the very effect that Sagnac
exhibited. Max von Laue, in 1920 compared both experiments from a special
relativistic point of view [22].
The Sagnac effect has many applications and ramifications in experiments
and technology. Post [16] gives an extensive review until 1967. Since then many
new developments have occurred. We mention only a few which have relevance
for Relativity. The Sagnac effect is present in the GPS and other systems of
satellites and has to be accounted for in order to achieve the high precision
of operation [1]. In a similar way, the Hafele-Keating experiment [7] can be
regarded as a manifestation of the Sagnac effect. The Sagnac effect is also
present in counter-propagating matter waves, see [8].
The Sagnac interferometer with laser light propagating in opposite direc-
tions along the same path has several advantages over the Michelson inter-
ferometer as already recognised by Michelson himself. The classical Sagnac
effect is proportional to the area enclosed by the path. However, this is the
signed area (for details see below). This implies that by choosing the path
appropriately, one can make the classical Sagnac effect disappear. The result-
ing zero-area Sagnac interferometers are insensitive to rotations (but not to
accelerations, see below). Due to this property this type of interferometer has
become of interest to the gravitational wave community. They are considered
as a possible alternative to the traditional Michelson layout for third genera-
tion gravitational wave detectors, see [9,2]
There are several theoretical improvements over the classical result. Ori and
Avron [14] present a special-relativistic analysis of deformable interferometers
such as the Sagnac interferometer and give also an explanation of the Wang
experiment [23]. Tartaglia [21] derives general relativistic corrections to the
classical Sagnac effect in a Kerr space-time.
In this paper we present an approach to discuss the Sagnac and related
experiments in rather general situations. We rederive the classical effect and
some corrections to it due to the motion of the reference frame defined by the
laboratory and possible curvature effects. The plan of the paper is as follows.
We explain our setup in sect. 2 and derive the Sagnac effect in full generality.
Sect. 3 to 5 are devoted to a discussion of three contributions to the effect which
arise in a certain approximation based on (generalized) Fermi coordinates. In
sect. 6 we apply our framework to general relativistic stationary space-times
and sect. 7 discusses the Fizeau experiment as a special case.
The conventions used here are those of Penrose and Rindler [15].
2 The general Sagnac effect
Generally speaking, the Sagnac effect can be described as the difference in
travel time between two photons traveling along the same path in opposite
directions. In this section we will derive a formula for this quantity in general
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and then evaluate it in the following section using some reasonable approxi-
mations.
We assume that things happen in a 4-dimensional space-time (M, g) with
g a Lorentzian metric. We choose an observer, i.e., a time-like world-line O
parameterized by proper time τ not necessarily a geodesic. Let ab be the
acceleration of the world-line then the 4-velocity ta of O satisfies the equation
∇tt
b = ab. (1)
This motivates the introduction of the Fermi derivative Ft along O defined by
FtX
b = ∇tX
b + acX
ctb − tcX
cab (2)
for any vector field Xa defined along O. The Fermi derivative has the well-
known properties that (i) tb is Fermi constant along O: Ftt
b = 0 and (ii) it
is compatible with the metric: Ftg = 0. The expression (2) is not the most
general one satisfying the conditions (i) and (ii). In fact, we can incorporate
a skew-symmetric tensor ωab = −ωba perpendicular to t
b resulting in the
generalized Fermi transport law
FtX
b − ωbcX
c = 0 (3)
We can now define a Fermi frame adapted to the observer O by transporting
a tetrad (e0, e1, e2, e3) along O using the generalized Fermi transport
Fte
b
k − ω
b
ce
c
k = 0, for k = 0 : 3 and e
a
0 = t
a. (4)
Physically, this models an observer together with his lab in which he carries
out experiments. The three space-like frame vectors span the lab, the space Στ
of simultaneity at a given instant of time τ . The lab is allowed to accelerate
and to rotate. When ab = 0 and ωab = 0 then the reference frame is freely
falling and non-rotating, i.e., it is an inertial frame.
The simultaneity spaces foliate M near the world-lineO of the observer. For
a given τ the space Στ intersects O perpendicularly at the proper time τ . We
assume that this foliation is global and define a global time function τ : M → R
so that Στ = {τ = const}. Then we can write the metric in the familiar 1+ 3-
form
g = g00dτ
2 + 2g0kdτdx
k + gikdx
idxk (5)
where (xk)k=1:3 are arbitrary coordinates on Στ .
Let us now fix an arbitrary event on O which we may label without loss
of generality by τ = 0 and let γ be an arbitrary closed curve in Σ0 starting
at P ∈ Σ0 having the coordinates x
i
0. Let v be the tangent vector to γ. Then
we have va∇aτ = 0, i.e., v = v
i∂i. In order to compute the travel time of a
photon around γ we need to find the null curve γˆ in M which projects to γ.
The null tangent vector l to γˆ can be written as l = L∂τ + v
i∂i with L > 0.
At each point of γˆ the equation
g00L
2 + 2g0iLv
i + gikv
ivk = 0 (6)
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holds. It can be solved for L
L =
1
g00
(√
(g0ig0k − g00gik)vivk − g0kv
k
)
(7)
where the sign was chosen so that L > 0. We abbreviate this expression as
L(g, v).
The null curve γˆ(s) = (τ(s),x(s)), where x(s) is an abbreviation for a
parametrization (xi(s))i=1:3 of γ, can now be obtained by solving the system
of differential equations
τ˙ (s) = L(τ(s),x(s)),
x˙k(s) = vk(x(s))
}
with τ(0) = 0, x(0) = x0. (8)
Since the solution of the spatial part of this equation is, by construction, the
curve γ we may regard x(s) and hence v(s) = x˙(s) as known in the time com-
ponent of (8). Then, this equation is of the form τ˙ (s) = L(g(τ(s),x(s)),v(s)) =
f(τ(s), s) which cannot be solved explicitly unless we know f , i.e., the curve
γ(s) and the metric components.
For the sake of simplicity we take a parametrization of γ with s ∈ [0, 1] so
that P = γ(0) = γ(1). Let τ(s) be the solution of (8). Then the travel time
T [γ] of the photon traveling along γ is given formally by the integral
T [γ] = τ(1) =
∫ 1
0
L(g(τ(s),x(s)),v(s)) ds. (9)
Next, let γ˜ be the reversed curve parameterized by γ˜(s) = γ(1− s) and let
τ˜ (s) be the solution of the equation
˙˜τ(s) = L(g(τ˜ (s), x˜(s)), v˜(s)), τ˜(0) = 0. (10)
Then we obtain the travel time of a photon traveling in the opposite direction
as
T [γ˜] = τ˜ (1) =
∫ 1
0
L(g(τ˜ (s), x˜(s)), v˜(s)) ds.
Thus, the time difference ∆γT = T [γ]− T [γ˜] is ∆T = τ(1)− τ˜ (1). In order to
evaluate this formula for a given curve γ in a space-time with a given metric
g we need to solve the differential equations (8) and (10).
We can rewrite this formula in a slightly different way. Using the relation-
ship between the two paths we get x˜(s) = x(1− s) and v˜(s) = −v(1− s) and
hence
L(g(τ˜(s), x˜(s)), v˜(s)) = L(g(τ˜(s),x(1 − s)),−v(1 − s)).
and the travel time becomes
T [γ˜] =
∫ 1
0
L(g(τ˜ (1− s),x(s)),−v(s)) ds. (11)
Thus, the time difference ∆T is given as one integral
∆γT =
∫ 1
0
L(g(τ(s),x(s)),v(s)) − L(g(τ˜(1− s),x(s)),−v(s)) ds. (12)
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3 The Sagnac effect in Fermi coordinates
The general expression (12) for the time difference due to the Sagnac effect is
implicit and too general to allow any detailed statements. One could start to
approximate the solutions τ and τ˜ by iterating the differential equations but
this would lead to complicated formulae and probably to the same results as
what we will do next.
To proceed further we introduce Fermi coordinates adapted to the observer
world-line O. Then the metric coefficients up to terms cubic in x are (see
app. A)
g00 = 1− 2alx
l + 3(amx
m)2 + ωimω
i
nx
mxn +Rm0n0x
mxn +O(x3), (13)
g0k = ωklx
l +
2
3
Rm0nkx
mxn +O(x3), (14)
gkl = −δkl +
1
3
Rmlnkx
mxn +O(x3). (15)
Here, ωik, ak and the Riemann coefficients are functions of τ defined on O.
In order to proceed we will now make the following two reasonable but
significant approximations:
– The expected time difference ∆T is small compared to the time scale of
changes in the reference frame and the gravitational field.
– The path γ is not “too extended” so that we remain in the O(x3) neigh-
bourhood of the coordinate system.
By the first assumption we can take ak, ωik and the Riemann tensor coefficients
as time independent. Then the metric coefficients are time independent so that
L(g(τ,x),v) = L(g(x),v). Inserting this into the formula for ∆γT yields
∆γT =
∫ 1
0
L(g(x(s)),v(s)) − L(g(x(s)),−v(s)) ds
= −2
∫ 1
0
g0i
g00
vi ds
since the terms involving the square root cancel each other. We may express
this formula in terms of the Sagnac 1-form σ = −2 g0i
g00
dxi as
∆γT =
∫
γ
σ =
∫
S
dσ (16)
where S is any spanning 2-surface bounded by γ1.
By the second assumption, the metric is given in the O(x3) neighbourhood
defined by Fermi coordinates by the equations (13-15). Up to cubic terms we
find
1
g00
= 1 + 2alx
l + (amx
m)2 − ωimω
i
nx
mxn −Rm0n0x
mxn +O(x3)
1 Such surfaces always exists. One particular class consists of minimal surfaces which can
be constructed as solutions of Plateau’s problem [3]
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and the Sagnac form becomes
− 2
g0l
g00
= −2ωlkx
k + 4(amx
m)ωlkx
k −
4
3
Rm0nlx
mxn +O(x3). (17)
These are three terms with different characteristic properties. We discuss them
in order in the next section.
4 Discussion of the contributions
In this section we will make use of the usual 3-vector notation writing ak,
xk as a, x etc. This is justified by the fact that the vector field xi∂i behaves
like the Euclidean position vector x to the order we are interested in. We also
introduce the angular velocity vector ω with components ωi = 12ǫ
iklωkl and
the area form d2S of a surface S by dxl ∧ dxk = ǫlkmnm d
2S, where nk is
the unit-normal to S. Also, we note that we raise and lower spatial indices
i, j, k, . . . with δik = −ηik. This allows us to also make use of the notation
x · a = xia
i for the usual Euclidean inner product.
4.1 The pure rotation effect
Consider the first term in (17). It depends only on the angular velocity and
contributes a time difference of
∆ωT = −2
∫
γ
ωlkx
kdxl = 2
∫
S
ωlkdx
l ∧ dxk = 4
∫
S
(ω · n) d2S.
Thus, the time difference due to this term is a multiple of the “rotation flux”
through the surface S spanned by γ. This contribution is invariant under
translations [19], i.e., under the transformation xk 7→ xk + qk for constant qk
and rotations xk 7→ αklx
l, where αkl is a constant orthogonal matrix.
This is the classical Sagnac effect as described in [18] for, if we assume
that ωik describes a rotation around the 3-axis, i.e., when ω = ωe3 and that,
further, γ is a simple closed curve in the (12)-plane then we obtain
∆ωT = 4ω
∫
S
(n · e3) d
2S = ±4ω area(S).
Of course, the sign depends on the relative orientation between the angular
velocity and the curve γ.
It is easy to design curves for which the time difference vanishes. Trivial ex-
amples are curves which lie in a plane parallel to the rotation axis. Non-trivial
curves have the shape of a figure eight or something more complicated when
projected parallel to the rotation axis. These curves give rise to the “zero-area”
Sagnac configurations [2]. More complicated examples are straightforward to
construct.
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4.2 The acceleration dependent effect
Next, we consider the second term in (17). This term, which vanishes when
ak = 0, contributes a time difference
∆aT = 4
∫
γ
(amx
m)ωlkx
kdxl = −8
∫
S
a(kωm)lx
mdxkdxl.
Again, this can be written as the flux of a vector field V through the surface
S spanned by γ. In this case, the vector field is V = (a · ω)x − 3(a · x)ω so
that
∆aT = 4
∫
S
(a · ω)(n · x)− 3(a · x)(ω · n) d2S. (18)
In contrast to the pure rotation effect, the acceleration effect is not translation
invariant: under a translation x 7→ x+q the time difference changes according
to
∆aT 7→ ∆aT + 4
∫
S
(a · ω)(n · q)− 3(a · q)(ω · n) d2S.
This means that we can make the time difference vanish by shifting the curve.
4.3 The gravitational effect
Finally, we come to the third term which is entirely due to the gravitational
field in the form of the Riemann tensor. Before the detailed discussion we need
to briefly digress to introduce the decomposition of the Riemann tensor Rabc
d
into the Schouten or “Rho” tensor Pab (representing the Ricci tensor [15]) and
the Weyl tensor Cabc
d.
Rab
cd = Cab
cd − 4δ[a
[cPb]
d].
The right dual of the Riemann tensor is
R⋆abcd = C
⋆
abcd − ǫabc
ePed + ǫabd
ePce.
With ta the time-like 4-velocity of the observer we obtain
tctdR⋆acbd = t
ctdC⋆acbd − t
ctdǫacb
ePed.
With the relationship Pab = −
1
2 (Gab − 12gabG) and the Einstein equation
Gab = −8πTab this becomes
tctdR⋆acbd = Bab − 4πt
dtcǫabc
e
(
Tde −
1
6
gdeT
)
= Bab − 4πǫab
cjc.
Here, we have used the definitions ǫabc = t
eǫeabc, t
eTea = ja and Bab =
C⋆acbdt
ctd for the 3-dimensional volume form, the momentum density and the
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magnetic part of the Weyl tensor with respect to the time-direction ta. Ex-
pressed in terms of the Fermi coordinates this equation becomes2
R⋆i0k0 = Bik + 4πǫik
ljl. (19)
The time delay from the Riemann tensor is
∆RT =
4
3
∫
γ
R0mnlx
mxn dxl = 4
∫
S
R0(mn)lx
ndxm ∧ dxl.
It can be expressed in terms of the right dual of the Riemann tensor
∆RT = 4
∫
S
R⋆0n
0ixnnid
2S (20)
which in turn, using (19), can be cast into the form
∆RT = 4
∫
S
Bi
kxinkd
2S − 16π
∫
S
(x× j) · n d2S. (21)
This shows that the gravitational Sagnac effect in the first order is entirely due
to “magnetic” interaction, both in the gravitational wave part due to Bab and
the matter part due to the flux of angular momentum density through S. As
the acceleration effect, the gravitational effect is also not translation invariant.
5 Some example paths
In order to get some idea about how different shapes of paths influence the
time delay we now consider a restricted class of paths, 3-dimensional Lissajous
curves, given in parameterised form by
γ(s) =

 A1 sin(ls+ α1)A2 sin(ms+ α2)
A3 sin(ns+ α3)

 , s, α1, α2, α3 ∈ [0, 2π], l,m, n ∈ Z. (22)
We assume these curves have period 2π which implies gcd(l,m, n) = 1, i.e., l,
m and n are relatively prime. It is straightforward to insert the parameteri-
sation into the expressions for the time delay. Again, we discuss the different
contributions sequentially.
5.1 The rotation term
By choosing the axes of the frame appropriately we can arrange that ω = ω e3
and then the time delay due to ω becomes
∆ωT = 4πmωA1A2 (δl,−m sin(α1 + α2) + δl,m sin(α1 − α2)) . (23)
This shows, that ∆T vanishes unless the projection of the curve perpendicular
to ω is a non-degenerate ellipse. Choosing l 6= ±m yields “zero-area” paths.
Since the behaviour of the curve in the direction of ω is irrelevant these paths
can be chosen without self-intersections.
2 keeping in mind that indices i, k etc. are moved with δik = −ηik.
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5.2 The acceleration term
Keeping ω along the e3 axis we can rotate the frame around ω to make the
acceleration vector a lie in the plane spanned by e1 and e3. Then we can write
a = a(e3+λe1) for some real α and λ. With these simplifications we can write
the contribution of the acceleration term due to the class of curves (23) as
∆aT = 8πA1A2aωJ(l,m, n) where
J(l,m, n) = A1λ [(l −m) cos(2α1 + α2) δm,−2l − (l +m) cos(2α1 − α2) δm,2l]
+A3
[
(l +m)
(
cos(α1 − α2 − α3) δn,l−m − cos(α1 − α2 + α3) δn,m−l
)
+ (l −m)
(
cos(α1 + α2 + α3)δn,−(l+m) − cos(α1 + α2 − α3) δn,l+m
)]
.
(24)
The first two terms in this expression are due to the misalignment of angular
velocity vector and acceleration. They vanish for λ = 0. Let us first discuss
this case. Then the time delay is proportional to A1A2A3, i.e., to the volume
of the rectangular box which contains the space curve. It vanishes unless at
least one of the four equations
n+ l +m = 0, n+ l −m = 0, n− l+m = 0, n− l −m = 0 (25)
holds. It is easy to see that for a non-degenerate curve these equations cannot
hold simultaneously. It is also not possible for just one of them to be violated.
Thus, at most two of the equations can hold simultaneously. When two equa-
tions hold then it follows that one integer must vanish, while the other two
are equal in magnitude and then they must be equal to ±1. In these cases, the
curve is planar, being contained in a plane perpendicular to one of the coor-
dinate axes. If this plane is perpendicular to the ei-axis, then it is a distance
Ai sin(αi) away from the origin. Thus, one can make the time-delay vanish by
choosing Ai = 0 or αi = 0. This is a consequence of the translation dependence
of the acceleration term.
Due to the geometry, the case n = 0 is different from l = 0 which, in turn,
is equivalent to m = 0. In the former case, we obtain for l = m = 1 (the
case l = −m can be obtained by reversing the orientation of the curve and
replacing α2 by its negative)
J(1, 1, 0) = 4A3 sin(α1 − α2) sin(α3)
while the case l = 0 with n = m = 1 yields
J(0, 1, 1) = 2A3 sin(α1 − α3) sin(α2),
the case m = −1 again corresponding to an orientation reversal.
For the general case, when only one of equations (25) holds, we may take
as an example n = l+m. Then l and m are non-zero and relatively prime and
the corresponding curve is non-planar. Its contribution becomes
J(l,m, l +m) = −A3(l −m) cos(α1 + α2 − α3),
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which is non-zero unless the phases are chosen in a very specific way.
When angular velocity and acceleration are not aligned then there are
two additional possible terms in (24). They are proportional to λ and they
contribute only when m = ±2l. This condition does not involve n which can
therefore be chosen so that one of the equations (25) is satisfied. One possibility
is l = 1, m = 2, n = 3 which yields
J(1, 2, 3) = −3A1λ cos(2α1 − α2) +A3 cos(α1 + α2 − α3). (26)
5.3 The gravitational term
As mentioned in sec. 4.3 this term contains two contributions, one due to the
Weyl tensor and another due to the matter. We first discuss the Weyl term. It
is mediated by the magnetic part Bik of the Weyl tensor. Let us assume that
this term is due to a gravitational wave propagating in the e3 direction. Then
Bik has the form
Bik =

a1 a2 0a2 −a1 0
0 0 0


for some real constants a1 and a2. Inserting the parameterisation for the
curves (22) we find the time delay for the Weyl contribution to be
∆BT =
3π
2
a1A1A2A3n
(
cos(α1 − α2 − α3) δn,l−m + cos(α1 − α2 + α3) δn,m−l
− cos(α1 + α2 − α3) δn,l+m − cos(α1 + α2 + α3) δn,−l−m
)
+
3π
2
A3a2
(
lA21 [cos(2α1 − α3) δn,2l − cos(2α1 + α3) δn,−2l]
+mA22 [cos(2α2 + α3) δn,−2m − cos(2α2 − α3)δn,2m]
)
.
(27)
This comes in two pieces each corresponding to a different polarisation state of
the wave. The first is proportional to a1 and corresponds to the +-polarisation.
Its ’signature’ is the same as the one for the aligned acceleration case — they
are non-zero for the same class of curves. As an example we pick a curve with
n = l+m and obtain
∆+T = −
3π
2
a1A1A2A3n cos(α1 + α2 − α3) (28)
The ×-polarisation contributes the term proportional to a2. It has the same
signature as the misaligned acceleration case. It is non-zero only if the curve
has a figure eight projection in a direction perpendicular to the propagation
of the wave. Choosing n = 2l 6= 2|m| yields the contribution
∆×T =
3π
2
A21A3a2l cos(2α1 − α3). (29)
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6 Stationary space-times
As a further application we discuss the Sagnac formula (12) in a stationary
space-time M where we have a time-like Killing vector ξa. The length of the
Killing vector is a scalar function on M defined by
ξaξ
a = e2U (30)
and we have the following relations
Lξgab = −2∇(aξb) = 0, ξ
a∇aU = 0, ∇aξb = 2∇[aUξb] + ωab, (31)
where ωab = −ωba and ξ
aωa = 0.
We write ta := e−Uξa for the unit-vector in the direction of ξa. We also
pick one integral curve O of ξa. Since U is constant along O we can scale ξa to
become a unit-vector along O. With t the parameter along ξa, i.e., ξa∇at = 1
we find that t measures proper time for an observer along O, i.e., with 4-
velocity ta = ξa. The metric can be written in the form
g = g00dt
2 + 2g0kdtdx
k + gikdx
idxk
with ∂tgµν = 0 and g00 = e
2U . With transformations of the form t 7→ t+ αix
i
for constants αi we can arrange that gi0 = 0 on O and x
i 7→ xi + βikx
k for
constants βik achieves that gik = −δik on O. In terms of these coordinates,
ξa
.
= ∂t and ξa
.
= g0µdx
µ.
Furthermore, the observer along O is accelerated since
ab = t
a∇atb = e
−2Uξa∇aξb = −∇bU.
We now set up a stationary frame for the observer on O by choosing in a
neighbourhood of O three vector fields ei which, together with t
a, form an
orthonormal basis along O and which are invariant under ξa, i.e., for which
Lξei = 0 holds. These vector fields can be chosen to be the coordinate vector
fields ∂i.
We are now in the same situation as for the derivation of the Sagnac
formula (12). Due to the stationarity of the space-time there is no dependence
on t and we can evaluate the integrals as before resulting in the same formula
∆T = −2
∫
γ
g0i
g00
dxi, (32)
except that now this formula is exact. The integrand is easily identified as
the pull-back to the curve of the 1-form αa := ξa/(ξcξ
c), the “inverted Killing
vector”. Using the Stokes theorem as before we can write the integral as a
surface integral over a spanning surface S for the curve γ of the 2-form
∇[aαb] =
∇[aξb]
ξcξc
−
ξ[b∇a] (ξcξ
c)
(ξcξc)2
= e−2U
(
∇[aξb] − 2ξ[b∇a]U
)
= e−2Uωab.
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The time difference therefore becomes
∆T = −2
∫
S
e−2Uωikdx
i ∧ dxk. (33)
The quantity ωik is in fact closely related to the angular velocity of the sta-
tionary frame with respect to a locally non-rotating Fermi transported frame.
This can be seen by comparing Fermi- and Killing transport: let va be Lie
dragged along the Killing vector so that ξc∇cv
a = vc∇cξ
a holds. We compute
the Fermi derivative of va along the unit-vector tc
Ftv
a = tc∇cv
a + taacv
c − aatcv
c = e−U (vc∇cξ
a + ξaacv
c − aaξcv
c)
= e−U (vc(ξa∇cU − ξc∇
aU + ωc
a) + ξaacv
c − aaξcv
c) = e−U (vcωc
a)
which shows that the angular velocity of the stationary frame with respect
to the Fermi frame is −e−Uωik. In contrast to the discussion in sect. 2, here
the formula is exact. The acceleration terms which appear there correspond to
the factor e−2U here. This factor partly corrects for the difference between the
Killing time t and proper time and partly serves to introduce the “gravitational
force” ∇aU which is responsible for the acceleration.
7 Light in a moving medium and the Fizeau experiment
As a final example we consider Minkowski space M with its flat metric ηab
filled with a homogeneous, isotropic medium which is transparent and without
dispersion. Then the light rays move with a different velocity c¯ which is related
to the speed of light in vacuum c by c¯ = c/n where n is the refraction index
of the material, defined in terms of its permittivity ǫ and permeability µ. By
assumption these, and therefore n, are constant. The material is described by
a 4-velocity ua with uau
a = 1.
Let ta be the 4-velocity of an observer. To simplify things we assume that ta
is covariantly constant. Together with a spatial frame of covariantly constant
unit-vectors ta forms a basis and we can introduce global Cartesian coordinates
(t, xi) on M.
Following [6] and [4] we describe the motion of the light by null geodesics
with respect to the “optical metric”
gab = ηab − uaub(1− 1/n
2). (34)
The observer splits the matter 4-velocity ua into time and space components3,
ua = γ (ta + va) , with γ = (1 − v2)−
1
2 , tav
a = 0
where we have defined v2 := −vav
a = v · v.
The 4-velocity ta is a time-like Killing vector for ηab and, assuming that u
a
is Lie dragged along ta, the optical metric has the property that Ltgab = 0.
Thus, we are in the situation of sect. 6 describing a stationary system.
3 We use the Minkowski metric ηab for moving indices.
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Considering a spatial path γ traversed by light in opposite directions we
find in general the time difference given by (32). Evaluating the metric coeffi-
cients we find
g00 = 1− (1− 1/n
2)γ2, g0i = −(1− 1/n
2)γ2vi.
If the material velocity is such that its spatial part va has closed stream-lines
then we can take the path γ of the light to be parallel to a stream-line of
length L, traversing it parallel to the motion of the medium. Thus, we may
write vi = vx˙i if we assume parametrisation of γ by arc-length. Finally, let
us assume that v is constant along a stream-line then we obtain for the time
difference for the light moving along γ in opposite directions
∆T = 2
∫
γ
(1− 1/n2)γ2
1− (1− 1/n2)γ2
vix˙
i(s) ds = −2
(1− 1/n2)γ2
1− (1− 1/n2)γ2
vL.
This formula can be simplified to
∆T = −2Lv
n2 − 1
1− n2v2
. (35)
This setup describes the classical “aether-drag” experiment by Fizeau[5] to
determine the difference of the speed of light in a medium moving in opposite
directions. For a very nice summary of that experiment and the classical the-
oretical background we refer to the paper by Lahaye et. al. [11]. The classical
derivation makes use of the special relativistic addition formula for velocities
to find the speed of light (in units of c) in (opposite to) the direction of a
moving medium (water) as
v± =
v ± 1/n
1± v/n
.
Therefore, the difference in travel time along a path of length L in opposite
directions is
∆T =
L
v+
−
L
v−
= −2Lv
n2 − 1
1− n2v2
in complete agreement with (34). This shows that the effects of Sagnac and
Fizeau are merely facets of the same coin, a fact which seems to have been
suspected for some time, see e.g., [12].
Obviously, the formula (35) given above, can be readily generalised to non-
homogeneous media and cases where the light path is not aligned with a closed
stream line. However, it may not be possible to give a closed form expression.
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8 Conclusion
In this paper we derived the Sagnac effect, i.e., the difference in travel time
for light moving in opposite directions along the same spatial path, from first
principles within Einstein’s general theory of relativity. The resulting formula
is difficult to evaluate in full generality since one needs to solve a differential
equation along the path. We have considered several special cases where the
evaluation is possible.
The first case addressed a general space-time but considered only a small
neighbourhood around an observer. Introducing Fermi coordinates and assum-
ing that the travel time of the light is much smaller than the time scale for
changes in the observers frame we were able to give a closed expression for the
time difference. Within the approximation used, there are three contributions
to this time difference: the first one is the classical Sagnac effect caused by the
rotation of the reference frame. The next order term is caused by a combina-
tion of the rotation and the acceleration of the frame and, in the same order,
there is a contribution from the curvature of the space-time. The structure
of the terms is such that one can set up (combinations of) light paths which
are sensitive to one single term only. One possible application of this could
be to measure acceleration and rotation of a reference frame or, alternatively,
to measure gravitational wave signals. Having said that, one should point out
that we have not at all discussed the size of the expected time differences in
concrete situations.
We should also point out that our approach can not immediately take care
of experiments in the spirit of Wang [23] since we assume that the path is
contained in a hyper-surface of constant time. In contrast, in the Wang setup
the path is allowed to change its shape during the experiment. However, it
should be possible to take care of this effect in a more or less straightforward
way within our framework.
The second case we discussed involved stationary space-times. We found
that the time difference there was caused by the flux of the curl of the “inverted
Killing vector”, which amounts to the rescaled rotation part of the Killing
vector. In this case, the time difference is due to the appropriately measured
angular velocity of the stationary frame with respect to a freely falling frame.
Again, without looking at the size of the effect, this could provide a means to
measure the dragging of inertial frames in a rotating gravitational system.
Finally, we specialised the stationary case to a moving homogeneous and
isotropic medium. We showed that with the use of the appropriate optical
metric it is possible to reproduce the classical explanation for the Fizeau ex-
periment, which demonstrated the dependence of the speed of light on the
relative motion between medium and observer.
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A Fermi coordinates
Fermi coordinates cover a neighbourhood of an observer, i.e., a time-like line O in the space-
time M. They are adapted to the observer in the sense that the metric when expressed in
these coordinates assumes the Minkowski form diag(1,−1,−1,−1) on the world-line. Fermi
coordinates can be obtained by first defining a tetrad along the world-line by Fermi-Walker
transport and then using the exponential map at each point of O restricted to the subspace
perpendicular to O to assign coordinates to an entire neighbourhood of the world-line.
Since the exponential map is in general only a local diffeomorphism the coordinate chart
is not global. Usually, the Fermi coordinates are derived only for inertial observers, see the
classic paper by Manasse and Misner [13] for a very lucid treatment. Synge [20] describes
the Fermi coordinates for an accelerated observer carrying along a non-rotating frame. This
is not enough for our purposes since we are interested also in rotating reference frames.
Therefore, we have to repeat the derivation as given in [13] with the presence of acceleration
and rotation in mind.
Since the calculations are not very illuminating and follow exactly along the same steps
as described by Manasse and Misner we will not repeat them here. A short description of the
process should suffice. We pick a time-like world-line O with unit-tangent vector ta. Then
the parameter τ along the world-line measures proper time for the observer. The world-line
need not be a geodesic so that it may have a non-zero acceleration ab = ta∇atb. Then,
Fermi-Walker transport of a vector (field) Xa along O is defined by the equation
FtX
b := ta∇aX
b + (tbac − a
btc)X
c = 0. (36)
This transport law corrects for the instantaneous boost that occurs due to the acceleration
of the observer with respect to a locally freely falling observer. Two vector fields transported
along O in this way maintain their inner product. However, (36) is not the most general
transport law with that property. We are free to add a piece involving an infinitesimal rota-
tion in the 3-space perpendicular to ta. Thus, we are led to consider vectors Xa transported
according to
FtX
b + ωbcX
c = 0, (37)
where ωab = ωba is defined along the world-line and satisfies ωabt
b = 0.
Now we consider three spatial unit-vectors eai with i = 1, 2, 3 at a point on O which are
mutually orthonormal and perpendicular to ta. We transport them along O according to (37)
with some ωab which we consider as given. Next, we consider families of geodesics C(λ; τ, x
a)
starting at points with proper time τ on O with initial tangent vector xa perpendicular to
ta. We can now assign coordinates to all points which can be reached after one unit of affine
parameter λ: let P = C(1; τ, xieai ) then we assign to P the coordinates (τ, x
i).
The next goal is to obtain an expression for the metric coefficients in the Fermi coor-
dinate system. This can only be done in terms of an expansion in the coordinates xi. The
lowest order of the metric coefficients when xi = 0 is, by construction,
g00 = 1, g0i = 0, gik = −δik.
The next step is to compute the first derivatives of the metric coefficients on O and this is
done using the transport law for the basis and ta to find the Christoffel symbols on O. The
result of this computation is
Γ 000 = 0, Γ
i
00 = a
i, Γ 0
0k = −ak, Γ
l
0k = ω
l
k, Γ
l
ik = 0.
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Using the expression of the Christoffel symbols in terms of the first derivatives of the metric
yields
∂0g00 = 0
∂0g0k = Γ00k + Γk00 = 0,
∂0gik = Γi0k + Γk0i = 0,
∂lg00 = Γ0l0 + Γ0l0 = −2al,
∂lg0k = Γ0lk + Γkl0 = ωkl,
∂lgik = 0.
Finally, one needs to compute the second derivatives of the metric coefficients. This is done
by evaluating the equation for geodesic deviation which involves the components of the
Riemann tensor on O. We will not present the details of the calculation here but simply
state the result (α and β take values 0, . . . , 3)
∂0∂0gαβ = 0, ∂0∂lg00 = −2a˙l, ∂0∂lg0k = ω˙kl, ∂0∂lgik = 0,
∂m∂ngkl =
1
3
(Rmlnk + Rmknl) ,
∂m∂ngk0 =
2
3
(Rm0nk + Rn0mk) ,
∂m∂ng00 = 6aman + 2ωimω
i
n + 2Rm0n0.
Collecting the terms that we found in the various orders yields the metric in Fermi coordi-
nates up to cubic terms in the spatial coordinates
g00 = 1− 2alx
l + 3(amx
m)2 + ωimω
i
nx
mxn + Rm0n0x
mxn, (38)
g0k = ωklx
l +
2
3
Rm0nkx
mxn, (39)
gkl = −δkl +
1
3
Rmlnkx
mxn. (40)
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